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1)School of Mathematics and Maxwell Institute for Mathematical Sciences, University of Edinburgh, Edinburgh EH9 3FD,
United Kingdom
2)School of Engineering, University of Edinburgh, Edinburgh EH9 3JL, United Kingdom
(Dated: 29 April 2020)
We study exact solutions for the slow viscous flow of an infinite liquid caused by two rigid spheres approaching each
either along or parallel to their line of centres, valid at all separations. This goes beyond the applicable range of existing
solutions for singular hydrodynamic interactions (HIs) which, for practical applications, are limited to the near-contact
or far field region of the flow. For the normal component of the HI, by use of a bipolar coordinate system, we derive the
stream function for the flow as the Reynolds number (Re) tends to zero, and a formula for the singular (squeeze) force
between the spheres as an infinite series. We also obtain the asymptotic behaviour of the forces as the nondimensional
separation between the spheres goes to zero and infinity, rigorously confirming and improving upon known results
relevant to a widely accepted lubrication theory. Additionally, we recover the force on a sphere moving perpendicularly
to a plane as a special case. For the tangential component, again by using a bipolar coordinate system, we obtain
the corresponding infinite series expression of the (shear) singular force between the spheres. All results hold for
retreating spheres, consistent with the reversibility of Stokes flow. We demonstrate substantial differences in numerical
simulations of colloidal fluids when using the present theory compared with existing multipole methods. Furthermore,
we show that the present theory preserves positive definiteness of the resistance matrix R in a number of situations in
which positivity is destroyed for multipole/perturbative methods.
I. INTRODUCTION
Hydrodynamic interactions (HI) between bodies immersed
in viscous fluid have been shown to be important in modelling
many complex fluid phenomena in physics, biology and engi-
neering. For example, in suspensions of cornstarch and other
solid particles of micron sizes at high solid volume fractions,
the interplay between HI and particle contacts gives rise to
a sudden increase in viscosity with increasing shear stress1,2.
HI also affects complex fluid behaviour at many length scales.
At the small scale, the flow properties of suspended particles
in emulsions and gels have historically determined their phys-
ical and chemical classification. In hemodynamics, blood is a
suspension of platelets, white cells and high fractions of red
cells in plasma, where fluidity and stability may be signifi-
cantly altered during disease processes3. On larger scales, the
formation of topographical features under sea water is due to
turbidity currents, where both inertial effects and slow mo-
tion of the suspensions are important4. In terms of numerical
modelling, such as dynamical density functional theory for-
malisms for two dimensional colloidal flow, the inclusion of
HI is enough to alter the dynamics of the density even when
solving for dilute particle collections5.
The relevance and applicability of HI are therefore well es-
tablished in many fluid flow problems in science and engineer-
ing. Many physical models for the flow of particles account-
ing for such phenomena have largely varying spatial scales
which makes their computation challenging. Generally speak-
ing, a numerical model that accurately predicts complex fluid
phenomena requires the full knowledge of the HI between the
a)Electronic mail: r.mills@ed.ac.uk
suspended particles. In Stokesian dynamics (SD), the quasi-
static motion of a suspension of N rigid spherical particles at
low Reynolds number is given by6




where M is a mass matrix, F diss is the dissipative force
due to the HI of the particles mediated by the solvent fluid,
~rN = [~r1, · · ·~rN ]> is a vector of 6N particle position coordi-
nates and vN = [~v1, · · ·~vN ]> = d~rN/dt. The vector F accounts
for conservative and non-conservative applied forces for ex-
ample: the force due to gravity and the frictional force applied
to the particle surfaces at contact, respectively. By nondimen-
sionalising (1) with an appropriately defined Reynolds num-
ber Re, the dissipative forces are taken as linear in the velocity
of the particles, and after setting Re = 0, equation (1) reads
−R(~rN)vN +F = 0, (2)
where R is the resistance matrix for the conformation of par-
ticles with position vector ~rN . As is standard in the theory,
R is independent of the properties of the solvent fluid, as
well as the magnitudes and directions of the particle veloci-
ties. Rather, R depends only on the particle separations and
sizes. Note also that by adding a noise term to (2), correlated
to the thermal fluctuations of the solvent fluid according to the
generalised fluctuation-dissipation theorem7, one may obtain
the dynamics of Brownian motion.
In theory R has a large bandwidth, owing to N- body inter-
actions. As in SD, in order to solve for the particle velocities,
one must invert a dense matrix in O(N3) operations which will
be computationally expensive. Approximations to R may be
made in order to reduce the computational cost for SD sim-
ulations. For example, Ball and Melrose6 showed that R is
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made sparse by approximating the full N-body interactions to
a two-body formalism of long range forces, with elements de-
caying as 1/ri j, where ri j = |~ri−~r j| is the distance between
the centres of sphere i and j (c.f. Rotne-Prager8). Such an ap-
proximation of R is valid for non-dense systems, and in this
dilute regime, the hydrodynamic force due to lubrication is
dominated by the long range mobility force.
Conversely, in the highly concentrated regime the lubrica-
tion forces will dominate the elements of R. This may be
justified by expanding R in moments including the one, two,
three, · · · , n- body interactions. One finds that the pairwise
lubrication forces dominate the expansion and higher order
effects found using far-field expansions such as the method of
reflections will fade in comparison due to the divergent scalar
functions of the lubrication forces9.
The Model for the Resistance Matrix R
For the present analysis, we are interested in highly concen-
trated systems. We specify the three approximations we make
in our construction of R.
A1: The HI are lubrication dominated, that is, the divergent
interactions between close surfaces dominate the ele-
ments of R in the highly concentrated regime.
A2: The HI are strongly coupled and we neglect n-body HI
for n > 2.
A3: The HI are frame-invariant; the justification being that
the solvent fluid (over large enough distances) comoves
with the particles.
Assumption A3 says that for a steady solvent velocity ~u of












Such an assumption is not valid for sedimentation problems,
where the solvent velocity ~u = 0 in Ω and the sphere veloci-
ties are collinear and non-zero. Non-frame-invariant simula-
tions of Brownian motion in shear flow show shear induced
ordering at low volume fractions, deviating from experimen-
tal observations10. We may however relax A3 by rewriting the
resistance matrix, as we will in Section X.
With Assumptions A1, A2, A3 we now present our model
for the resistance matrix R. For a finite Reynolds number,
and in components, the force balance in (1), in the absence
of external and contact forces, is given by an equation for the





a(~ni j)(~vi−~v j) · n̂i j⊗ n̂i j
+b(~ni j)(~vi−~v j) · (I− n̂i j⊗ n̂i j) (4)
for 1≤ i≤ N, where~ni j (n̂i j) is the (normalised) vector point-
ing between the centre of sphere j to i, and I is the identity
tensor.
Here a(~ni j) and b(~ni j) are the normal and tangential com-
ponents of the hydrodynamic interaction respectively as func-
tions of ~ni j. A crucial observation is that in the diffuse sys-
tem limit, both a(·) and b(·) should decay to unity so that
Stokes law is recovered: the total force on particle i is pro-
portional to its velocity with proportionality constant Stokes
unit −γ . In terms of the spectral properties of R, this means
the eigenvalues must be degenerate in the dilute sphere limit,
and the general solution to (4) (after setting Re = 1) becomes
~vi(t) = e−γt ∑Nj=1 c j~e j for {e j}Nj=1 a basis of R3N and c j con-
stants dependent on the initial velocity data.
Additionally, particular if ~vi = ~v j = ~c for all i, j then the
total HI force on each particle is zero, in the reference frame
co-moving at velocity ~c . This is equivalent to saying that R
has a zero eigenvalue associated with the translation of the
entire system of particles at some uniform velocity, or that the
interaction model is Galilean invariant.
We may expand the summation in (4) and collect together
terms multiplying~vi to define the resistance matrix R in block
form, here determined by diagonal and off-diagonal submatri-
ces and Z1, Z2 respectively. We have
R=

∑i 6=l Z1(~r1,~rl) Z2(~r1,~r2) · · · Z2(~r1,~rN)






Z2(~rN ,~r1) · · · · · · ∑i6=l Z1(~rN ,~rl)
 ,
(5)



















and where ril = |~ri−~r j| and a(·), b(·) are the scalar resistance
functions corresponding to the divergent squeezing and shear-
ing lubrication interactions of the close surfaces at high con-
centrations respectively. We note that the block-wise notation
of (5) with summations on the diagonal is standard notation in
statistical mechanical models of suspensions such as dynamic
density functional theories (DDFTs), see5,11. Note that the
rows of R sum to zero, which implies that whenever~vN = c0~ei
for some constant vector c0 ∈ R, and ei a basis vector of R3N ,
then~vN ∈ kerR and the interaction is Galilean invariant.
With the model for the resistance matrix R defined we now
discuss the model for the scalar resistance functions which
make up the elements of R.
The Model for the Scalar Resistance Functions a(·) and b(·)
For short range HI current models use asymptotic formulae
for a(·) and b(·), for example the expressions found in Kim &
Karrila12, valid in a ‘close’ region of particle separation, com-
bined with an arbitrary outer cut-off. It would be preferable
to have a formula for both a(·) and b(·) valid at all particle
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distances so that arbitrary cut-offs are avoided. This prop-
erty is particularly desirable in continuum formalisms, where
the HI appear as convolution integrals with a separate addi-
tive Stokes term. The convergence of such integrals requires
knowledge of the behaviour and decay of the scalar resistance
functions over the entire support of the hard sphere number
density for accurate numerical solutions. As such, this paper
provides a derivation and analysis of both resistance functions
a(·) and b(·) valid at all particle separations. The analytical
b(·) for two spheres of unequal radii is not considered in the
main text, because we found that in this case, the boundary
equations which need to be solved for the final set of series
coefficients are an intractable system of coupled recurrence
equations requiring dedicated computer algebra.
We determine a(·) and the corresponding stream function
at all particle separations, which, to our knowledge, has not
been previously obtained. We restrict the calculations to two
non-rotating spheres with opposite velocities. By the linearity
of Stokes equations however, the angular component of the
stream function for two approaching spheres rotating asym-
metrically may be linearly superimposed.
To compare to existing results, we provide in the follow-
ing section a history of slow viscous flow problems for two
spheres.
A. History of Slow Viscous Flow Problems for Two Spheres
The singular HIs for each of the scalar resistance functions
a(·) and b(·) which are computed in this paper take the gen-
eral form of infinite series. These are not the same solutions
to problems for two spheres in bipolar coordinates previously
considered, e.g., Stimson and Jeffery 13 , Goldman, Cox, and
Brenner 14 . It is the boundary condition choice, entire regime
of validity, and singular nature of the HI that distinguishes this
from previous works, described as follows.
The classical work concerning exact solutions for two
spheres with equal velocities in viscous flow was presented
by Stimson and Jeffery 13 for two drafting spheres. Similarly,
Goldman, Cox, and Brenner 14 consider two spheres settling
side by side for a single mode of tangential interaction. Our
derivations use the same formalisms but with opposite veloc-
ities, leading to the ε−1 and logε−1 singularities respectively.
In that paper13, there are two errata: firstly, for the first equa-
tion of their section 4, the factor inside the square bracket
−(1−µ2) should be (1−µ2) (where µ = cosξ in their nota-
tion, we use x= cosξ . See List of Notation D), secondly their
equation (37) for λ , a nondimensional force, is defined as half
the correct value as noted in Happel and Brenner 15 . While on
the subject of errata, we refer the reader to Townsend 16 for
a discussion and derivation of corrections to the scalar resis-
tance functions computed in Jeffrey and Onishi 17 .
Not long after the result of Stimson and Jeffery 13 , Faxén 18
gave a value of the hydrodynamic force on the two draft-
ing spheres at contact. Both results have since been vali-
dated by Bart 19 , who experimentally measured the force on
two equal spheres settling under gravity in viscous fluid and
showed good agreement with the theoretical value. Later work
by Maude 20 , adapting Stimson and Jeffery 13 , calculated the
finite-size effects of a falling-sphere viscometer. Hence the
chosen bipolar formalism for exact solutions has good exper-
imental validation as a method to compute flow around two
spheres.
The subsequent history of the mathematical treatment of
viscous flow around two spheres can be divided into two
classes: exact and approximate. In the exact class, notable re-
sults are obtained by employing bipolar coordinates to solve
for the fluid velocity and hydrodynamic force. Boundary con-
dition cases include those due to O’Neill 21 , considering the
parallel motion of a sphere to a plane wall; O’Neill and Ma-
jumdar 22 treating the rolling and translating motion parallel
to a stationary sphere in viscous fluid; Goldman, Cox, and
Brenner 14 studying the motion of two spheres settling under
gravity; and finally Cox and Brenner 23 treating the motion of
a sphere normal to a plane wall and considering the asymp-
totic limits at small separations. The asymptotic methods pre-
sented in this paper are analogous to those in Cox and Bren-
ner 23 , also similar to a treatment by Hansford 24 , but therein
the work is based on the constants determined by Brenner 25 .
The asymptotics in the present work go beyond the statement
that the O(1) term cannot be obtained by asymptotic analysis
(see Kim and Karrila 12 , chapter 7).
There have also been more recent studies and applications
of the solutions arising from the bipolar coordinate system,
e.g., by Papavassiliou and Alexander 26 which concerns the
motion of a sphere in viscous flow near a convex shell. For
completeness, the study of droplets should be mentioned: Wa-
cholder and Weihs 27 considered the exact solution to Stokes
equations both inside and outside spherical droplets with
equal settling velocities, and Haber, Hetsroni, and Solan 28
generalised the former to two spherical droplets of different
viscosities. Both of these studies concern a non-singular hy-
drodynamic interaction between droplets, which is different
to the present boundary condition choice.
In the approximate class lie techniques such as the method
of reflections (a series solution best suited for widely sepa-
rated spheres12) and lubrication theory (solving Stokes equa-
tions directly by a perturbation expansion). Notable publi-
cations are, e.g., by Jeffrey 29 on which a popular reference
for the singular hydrodynamic force between two collinear
spheres in viscous fluid Kim and Karrila 12 is based. The
derivation by perturbation methods in the latter, apart from al-
gebraic errors not affecting the final result, is not valid as the
sphere separation increases. This means arbitrary truncations
must be used for numerical implementation30. The choice
of location of the cut-off and convergence of the truncated
expressions remains mysterious. A fundamental assumption
shared by these formalisms is the choice of scaling ratio be-
tween the cylindrical coordinates z/r ∼ ε1/2 defining a sin-
gular perturbation problem, which has not been justified until
the analysis in the present work. In particular we show this
scaling is correct by expanding the bipolar coordinate system
and infinite series around the singular contact point.
An alternative approach is the multipole method. To do this
for our chosen sphere configuration, one would compute the
velocity and pressure fields using the method of reflections
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around the two sphere centres, separated by a distance R. Us-
ing the addition theorems for spherical harmonics, the pres-
sure and velocity are written as linear combinations of Lamb’s
solutions to Stokes equations. However, this results in an in-
finite set of series coefficients for the velocity and pressure,
which are obtained only in the form of another series in R−1,
the coefficients of which satisfy known but non-analytical re-
currence relations12. The method is by no means explicit,
only obtaining Taylor series representations of the velocity
and pressure fields and requires unavoidable computer alge-
bra. What is more, to compute the hydrodynamic force on two
spheres to a given accuracy will require ever more expansion
terms as R decreases, making the method computationally un-
favourable in the near-contact limit.
In this paper we give the first quantitative comparison, for
this particular two-sphere interaction, between the present so-
lution obtained by spherical bipolar methods and the one ob-
tained by the multipole methods17. As a result, we are able to
highlight the analytical and practical strengths of the present
work by implementing both the novel and existing results in a
numerical example for colloidal flow.
B. Organisation of the Paper
This paper presents the rigorous derivation and asymptotic
analysis of the singular scalar resistance functions a(·) and
b(·), valid for all non-contacting particle separations. In Sec-
tion II we provide the definition of the bipolar coordinate sys-
tem. Following this, in Section III we present the steady flow
equations. Section IV concerns the steady flow equations for
the normal interaction and in Section V we calculate the scalar
resistance function, a(·), as an infinite series. In Appendix B
we derive rigorous small and large argument limits of our ex-
pression for a(·), as well as showing agreement with the per-
pendicular motion of a sphere and plane. In Section VI we
compare our results for a(·) to the widely used expressions
determined by the method of multipole expansions. In Sec-
tion VII we consider the steady equations for the tangential
interaction and in Section VIII we compute the scalar resis-
tance function, b(·), as an infinite series. In Section IX we
examine the positivity of R built by our scalar resistance func-
tions and existing expressions. Section X sees the implemen-
tation the results of this work in a numerical computation to
show substantial differences in flows of colloidal suspensions
compared with using existing expressions for scalar resistance
functions. In Section XI we make our conclusions and discuss
open problems. Finally, in Appendices A, C and D we provide
useful formulae, a derivation of the tangential scalar fields and
a list of notation.
II. SPHERICAL BIPOLAR COORDINATES
The spherical bipolar coordinate system is a convenient
setting in which to apply the boundary conditions on both
spheres. The coordinate transformation from cylindrical co-
ordinates ~r = (r, z, θ) to spherical bipolar coordinates ~q =
(η , ξ , θ) is
z+ ir = iccot 12 (ξ + iη) (8)
where θ remains unchanged, i =
√
−1 and c > 0 is a geo-
metrical constant. Every point in (r, z) space is represented
uniquely in (η ,ξ ) space, so long as ξ ∈ [0,π], −∞ < η < ∞,
θ ∈ [0,2π). Expanding the cotangent and equating real and
imaginary parts one obtains
z(η ,ξ ) = csinhηcoshη−cosξ , r(η ,ξ ) =
csinξ
coshη−cosξ . (9)
There is a one to one correspondence between~r and~q ex-
cept at the limiting points η = ±∞ where ξ is multivalued.
Geometrically this occurs when the spheres are vanishingly
small, or remotely separated. As such, these points indi-
cate the limit direction in which to obtain classical Stokes
drag. The surfaces η = constant are non-intersecting coax-
ial spheres with centres at the Cartesian coordinates (r,z) =
(0, ccothη) and radii c|cschη |. Denoting the centre distance
from sphere i to the origin O by di and its radius by ri, we








Note that η1 > 0 and η2 < 0. The geometry is summarised in
Figure 1.
III. STEADY FLOW EQUATIONS
Consider the steady incompressible Navier-Stokes equa-
tions governing the evolution of the fluid velocity ~u and pres-
sure p in an unbounded domain Ω outside of the spheres:
Re(~u ·∇)~u =−∇p+∇2~u, ∇ ·~u = 0 (10)
where Re = ρ UL/µ for U a characteristic velocity, L a char-
acteristic length, ρ the fluid density and µ the dynamic vis-
cosity. Here ρ and µ are assumed to be constant.
In the following section we consider the analytical solution
of (10) for the case of two approaching collinear spheres.
IV. NORMAL INTERACTION a(·)
For axisymmetric flow the assumed existence of a stream









The differential operator L−1 is a member of a class of




k ∈ (−∞,∞), for which compact formulae hold. In par-
ticular, by use of the chain rule and the Cauchy-Riemann
equations for z and r, it is straightforward to obtain Lk =
r−kh−2[∂ξ (rk∂ξ )+ ∂η(rk∂η)]. Here h is the metrical coeffi-
cient arising from the transformation between coordinate sys-
tems, defined by h2 = (∂ξ z)2 + (∂ξ r)2 = (∂η r)2 + (∂η z)2 =

















FIG. 1: Schematic of two unequal spheres of radii r1, r2
converging along their line of centres in viscous fluid.
Included in the diagram are the cylindrical and bipolar unit
vectors, the dimensional gap distance h, and centre to centre
distance d. Note that η1 and η2 are implicit functions of r1,
r2 and d.
c2/(coshη − cosξ )2. After setting k = −1 the first approxi-
mation to the flow around Re = 0 yields the biharmonic equa-












ψ = 0, in Ω (12)





where the positive sign is taken on sphere 1 and the negative
sign on sphere 2.
A. Solution in Spherical Bipolar Coordinates
To solve the PDE (12)–(13) it is sufficient to write ψ =
ψ1 + zψ2 where L−1ψ1 = L−1ψ2 = 0. This ansatz may be
heuristically justified by reference to Payne and Pell 31 . A
solution for ψ1 is found by ψ1 = r1/2 f (ξ )g(η) with
f ′′+(λ 2− 3
4sin2 ξ
) f = 0, g′′−λ 2g = 0, (14)
where λ 2 is a separation constant. The transformation f =
(ξ̄ 2−1)1/4 f̄ yields the Legendre equation
(1− ξ̄ 2) f̄ ′′−2ξ̄ f̄ ′+(λ 2−1/4− (1− ξ̄ 2)−1) f̄ = 0
with order 1 and degree n = λ −1/2 for n a non-negative in-
teger. Thus by various recurrence relations of the Legendre













where Qn := Pn+1−Pn−1. It is elementary to see that the Qn
satisfy the ODE
(1− x2)Q′′n(x)+n(n+1)Qn(x) = 0 (16)
and the recursion relation
xQn(x) = n+22n+3 Qn+1(x)+
n−1
2n−1 Qn−1(x). (17)
Using equation (15) the stream function may be constructed
as








Rn(η) := an cosh(n+ 32 )η +bn sinh(n+
3
2 )η
+ cn cosh(n− 12 )η +dn sinh(n− 12 )η (19)
and an–dn are to be determined by the boundary conditions
(13).
For later calculations, we provide the following useful rela-
tions





n+1 (1− x)2P′n(x) =−nQn(x) (21)
and the orthogonality conditions for the polynomials∫ 1
−1
Pm(x)Pn(x)dx= 22m+1 δm,n,∫ 1
−1
Pm(x)Qn(x)dx= 22m+1 δm,n+1− 22m+1 δm,n−1
(22)
where δi, j is the Kronecker delta.
B. Boundary Conditions
Now that the stream function is in the form (18), we com-
bine (13) with the expressions for r and z in (9) and rescale
the stream function ψ ∼ Uc2/2ψ ′ (immediately dropping
primes), where U is the instantaneous sphere speed, to obtain
the transformed boundary conditions on sphere j
χ(ξ ,η j) =
(−1) j sin2 ξ
(coshη j−cosξ )1/2
, ∂η χ(ξ ,η j) =




We proceed to find an, bn, cn and dn by using orthogonality of
the Pn.
In the case of no slip, using the formula for χ in
(18) and integrating over the interval ξ ∈ [0,π], the sum
and integral signs may be commuted using the dominated
convergence theorem: Note that the truncated quantity∫
dξ |∑Nn=1 Rn(η)Qn(ξ )Pm(ξ ) sinξ | ≤ Cm|Rm+1(η)| where
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the constant Cm is independent of N. Writing x = cosξ one
obtains the integral






= 22m−1 Rm−1(η j)− 22m+3 Rm+1(η j) (24)
where we have used (22).
The integrals may be evaluated by consider-
ing the Newtonian potential (coshη j − x)−1/2 =
(ζ 2 + ζ ′2 − 2ζ ζ ′x)−1/2 = ζ−1 ∑∞k=0(ζ ′/ζ )kPk(x) where
ζ ′ = ζ−1/2, ζ = e(−1)
j−1η j/2/
√
2. Using equation (20) with
(24) we find on sphere j



















































2k+1 δm,k− 22k−3 δm,k−2
]}
where we have used (22). Distributing the sum we find




























2k′+3 δm,k′+1− 22k′−1 δm,k′−1
]
where we have made the substitutions k = k′−1 and k = k′+1
for the former and latter sums respectively. After applying the












= 22m−1 Rm−1(η j)− 22m+3 Rm+1(η j). (25)
For the no flux condition a similar dominating argument to
that above again permits the interchange of the sum and inte-
gral signs. Expediently the no flux condition may be obtained










m−1(η j)− 22m+3 R′m+1(η j). (26)
C. Linear System
With the boundary conditions in hand we define the right
hand side vector









−(n−1/2)η1 − e−(n+3/2)η1), 12 (e(n−1/2)η2 − e(n+3/2)η2)]>.
(27)
The unknowns ~a = [an,bn,cn,dn]> are determined by invert-
ing the system of equations M~a = ~f , in particular
∆(n)an = (2n+3)
[
(2n+1)(n− 12 )(cosh2η1− cosh2η2)
− 2
(
(2n−1)sinh(n+ 12 )(η1−η2)sinh(n+ 12 )(η1 +η2)






(2n+1)(n− 12 )(sinh2η2− sinh2η1)
−2
(
(2n−1)sinh(n+ 12 )(η1−η2)cosh(n+ 12 )(η1 +η2)












(2n+1)(n+ 32 )(cosh2η1− cosh2η2)
+2
(
(2n+3)sinh(n+ 12 )(η1−η2)sinh(n+ 12 )(η1 +η2)






(2n+1)(n+ 32 )(sinh2η1− sinh2η2)
+2
(
(2n+3)sinh(n+ 12 )(η1−η2)cosh(n+ 12 )(η1 +η2)














× [4sinh2(n+ 12 )(η1−η2)− (2n+1)2 sinh2(η1−η2)].
(32)
These coefficients are distinct from those found by Stim-
son and Jeffery 13 because of the present choice in boundary
conditions. Note that the method here is generalisable in the
boundary conditions, demonstrating the utility of the coordi-
nate system. A corollary of the result is that the calculations
are valid for retreating spheres, since the change in boundary
conditions is equivalent to the permutation of two rows of M,
which amounts to a change in the sign of detM and thus a
global sign change on an,bn,cn,dn. This can also be seen as a
consequence of the reversibility of Stokes flow.
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V. THE FORCE EXPERIENCED BY THE SPHERES
Happel and Brenner 15 give exact expression for the force











where µ is dynamic viscosity, S is a meridian line of the
sphere and ds is an infinitesimal arc length measured in ra-
dians. Assuming the summand decays sufficiently quickly to
permit the interchange of the summation sign and two deriva-
tives in ξ and η , and x = cosξ , and performing the ξ deriva-
tives explicitly, the nth term of the integrand in (33) (before

























The infinitesimal line element of the integral (33) has a sim-
ple explicit form due to the fact that the only contribution to
the line element is along dξ , in particular
r3ds =−c4 (1−x2)
(coshη−x)4 dx.
Finally the normal derivative in bipolar coordinates is given
by
∂n =−h−1∂η . (35)
We are now in a position to calculate the force given by













+(1− x2)Rn(η)Q′′n(x)+ 2coshη−x (1− x2)Rn(η)Q′n(x)
]
. (36)
Computing h−1∂η(·) for each of these terms is straightfor-
ward, but we make the following remarks. For the third term,
it is useful to rewrite coshη = −3coshη + 4η in the numer-
ator. For the fourth term we use the ODE (16) to write Q′′n(x)
in terms of Qn(x). For the fifth term, we retain Q′n(x) and use
integration by parts. Finally multiplying the resulting terms






















− 12 R′′n(η) sinhη− coshη R′n(η)

























































The exact evaluation of each of the above integrals is de-
tailed in Appendix A, in particular by use of the functions
Ip/2. Now by redimensionalising the stream function, sub-
stituting the explicit formulae for corresponding Ip/2 and the
expression for Rn(η) in (19) and simplifying one obtains the















(2n+1)(−an +bn− cn +dn), on sphere 2.
(38)
Note that nowhere in such a calculation is any information on
the an, bn, cn, dn required. In particular, alternative boundary
condition choices amount to a different linear system to be
solved and a redefinition of these series coefficients.
A. Reduction to a Sphere and Plane
The limit of the second sphere radius tending to infinity β =
r2/r1 → ∞ corresponds to a plane wall. It is of interest how
the present theory compares to existing formulae for the slow
motion of a sphere perpendicular to a plane wall. Consider the
formula (B19). Assuming the limit exists one obtains
lim
β→+∞
F∗z (α,β ) = 4α
−2− 45 logα +K3 +o(1) (39)




3 limβ→+∞(C1 +C2). The
first five terms in the expansion (39) differ from [2.45] of Cox
and Brenner 23 by a total factor of two, originating from the
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motion of the plane in our analysis. All that remains is to
study C1 +C2 under the limit β →+∞. Observe that
lim
β→+∞





where x = nα is an intermediate variable for α vanishingly
small and n ever increasing. A more in depth discussion of
the asymptotic variable x can be found in Section B. This
expression for l(x,β ) is precisely the integrand for the numer-
ical constants [2.43] of Cox and Brenner 23 . Therefore, up
to errors of order O(β−1), the sphere-plane limit is recovered
exactly as β →+∞.
VI. COMPARISON WITH EXISTING METHODS
In this section we compare our expression for a(·) to the re-
sults obtained using multipole and perturbative methods. We
make use of computer code which computes expansion coef-
ficients for the multipole method available online32. We show
that our results are significantly more accurate and efficient
to compute, and cannot be reproduced by the multipole ex-
pansion programme. It is widely accepted that for two sphere
problems, when tractable, spherical bipolar coordinates will
yield the most accurate method to calculate the force. We
refer the reader to previous publications making reference to
this, which instead use multipole and lubrication methods to
carry out the calculations12,17,33. Whilst such spherical bipo-
lar methods have been used in previous studies of hydrody-
namic interactions, we can find no reference to their use in the
singular problem studied here.
We do this because we have identified the absence of any
analytical calculations reducing corresponding expressions
available in spherical bipolar coordinates to asymptotic ex-
pansions for the force in the separation distance. Previous
such ‘asymptotic’ results, such as those in Kim and Karilla12,
are, in fact, not asymptotic and contain divergent terms both
as the spheres approach (which is physically reasonable), and
as the spheres become widely-separated (which is completely
unphysical). This introduces a need for artificial cutoffs, or
matching procedures.
Up until now there has been no ratification of the expres-
sions for the widely used resistance functions XA11, X
A
22, for the
force on sphere 1 and 2 respectively, as defined in17 against
spherical bipolar coordinates. There is simply (unquantified)
wisdom concerning the inefficiency of the computation of the
XA11, X
A
22 as the separation distance tends to zero
33. Pertaining
to this, we provide the numerical comparison and identify the




A. Inner Region Lubrication Theory
In this section we present a comparison between the ex-
act (37)–(38) (valid for all separation and sphere sizes), and
asymptotic formulae (B19)–(B20) (valid for all sphere sizes)









































(a) A comparison of the force for equal spheres r1 = r2. F1z
(solid-black), Fez (black-dot-dashed), Fz,l (blue-dot-dashed). Inset:
































(b) The hydrodynamic force on sphere 1 (black) and sphere 2
(magenta) for three different radii ratios r2/r1 using the present
theory and formulas (37), (38).
FIG. 2: Plots of the present theory and the lubrication results.
theory12. In Table I and Figure 3 we compare F iz ((37)–(38)),







We have truncated this expression to log(·), omitting terms
equal to and higher than ε logε because those higher order
terms are based on the expansion of a stream function at r =∞
without proper control on the convergence of the force integral



































(a) The force on sphere 1 for different radii ratios r2/r1 ≥ 1. Exact




























(b) The relative error to the exact force for each the two asymptotic
formulae, Fz,l (dot-dashed) and Fez (dot). Colours as in (a).
FIG. 3: A comparison of force formulae with varying radii
ratios. For exact unequal spheres (B1) was solved
numerically to obtain corresponding η1, η2 ordinates before
summing the functionals (37), (38) and truncating the infinite
series to within machine precision.
used to compute Fz,l . The exact force, as given by (37), as
well as an interpolant produces a hydrodynamic force varying
smoothly between the small and large argument limits, as seen
in Figure 2a for two equal spheres. In Figure 2b we plot the
functions (37), (38) for different radii ratios.
The force calculated from the asymptotic formula (B20) de-
viates from the exact solution and becomes unphysical at large
TABLE I: Comparison of exact and approximate
nondimensional forces with r2/r1 = 5.
h Centre DistanceDiameter F
1
z ·104 −F2z ·103 F∗z ·104 Fz,l ·104
sphere 1 sphere 2 sphere 1 sphere 1
0.0001 3.0000 0.6000 1.3896 2.7801 1.3896 1.3894
0.0212 3.0106 0.6021 0.0069 0.0148 0.0069 0.0068
0.1008 3.0504 0.6101 0.0017 0.0043 0.0017 0.0015
0.3217 3.1609 0.6322 0.0007 0.0023 0.0007 0.0005
1.1291 3.5646 0.7129 0.0003 0.0016 0.0003 0.0001
9.9660 7.9830 1.5966 0.0002 0.0011 0.00004 -0.0001
∞ ∞ ∞ 0.0001 0.0010 - -
separation, as expected. However, from Figure 2a (with in-
set), we observe that our asymptotic formula Fez agrees more
closely with the exact formula F1z than Fz,l . In particular F
e
z is
barely visible on top of the black curve. This is true even for
distances up to one radius, r1, whilst Fz,l agrees with F1z only
for distances less than one tenth of r1.
We also demonstrate the applicability of the exact and
asymptotic formulae to unequal spheres of various size ratios
in Figure 2b, 3a and 3b. In each of these figures h= d−r1−r2
is dimensional. We remark that in Figure 2b we plot the mag-
nitude of the force on either sphere for different radii ratios,
and note that as α→ 0 the forces are equal and opposite as we
would expect by Newton’s third law. That is, once the forces
F jz are scaled by the same Stokes constant, they collapse onto
each other for all r2/r1 > 0. This may be seen more rigorously
by repeating the analysis of Section B 2 on sphere 2; one finds
F2z /(6πµUr2) ∼ −4β 2/(1+β )3α−2. The force magnitude,
however, increases as the radii ratio increases; see Figures 2b,
3a. The relative error for the present asymptotic formula in
Figure 3b using (B19) improves monotonically as r2/r1 be-
comes larger. This was observed to hold for even larger ratios
(not shown for clarity).
B. The Multipole Expansion Functions
In this section we examine the behaviour of the multipole
scalar resistance functions XAi j as defined in Jeffrey and On-
ishi 17 . Local to this section only we define some notation to
be consistent with Jeffrey and Onishi 17 : a1, a2 are the radii
of spheres 1 and 2 respectively, λ is the sphere radii ratio, s
is a nondimensional separation parameter, ξ is s shifted by





, s−2 = 2 h/a1
1+λ
, ξ = s−2.
The existing programs consist of Fortran code for the re-
sistance functions XA11 (and X
A
22) as defined in Jeffrey and On-
ishi 17 , provided by D. J. Jeffrey32. The functions XA11 and X
A
22
are expressions for the force normal to the sphere surfaces due
to sphere 1 and sphere 2, respectively. We now demonstrate
that our corresponding functions F1z and F
2
z are more accu-
rate than XA11 and X
A
22 in computing the force both for arbitrary
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sphere size ratios and for arbitrary sphere separations. See
Figures 4a and 4b.
For Figure 4a we computed both the XA11 by using equation
(3.13) of Jeffrey and Onishi 17 and via the asymptotic form
(3.17) of Jeffrey and Onishi 17 using the first 300 terms fm as
provided by the code34 and compared to the results obtained
by spherical bipolar coordinates. Indeed Figure 4a shows a
substantial difference in the singular behaviour between the
spherical bipolar and multipole formalisms, particularly in
the small argument region where many summand terms are
required for an accurate representation of XA11. The largest
shortcoming of the multipole method is that the coefficients
of summand of XA11, denoted fk(λ ), are not all known for all λ
and require large computing resources32,33. When computing
more fm(λ ) the authors found the solution of recurrence rela-
tion (3.9) Jeffrey and Onishi 17 increasingly difficult for both
m, λ →∞. For the expanded version of XA11 given by eq (3.17)
of Jeffrey and Onishi 17 the behaviour can be understood by
closely looking at the formula for the order 1 term AX11 (3.17)






[2−m(1+λ )−m fm(λ )−g1−2m−1g2+4m−1m−11 g3]
where g1(λ ), g2(λ ), g3(λ ), m1(m) are all known. We see that
this series has a divergent term, namely −2m−1g2. Using this
formula for AX11 and the expansion as ξ → 0 one has
XA11 = g1(λ )ξ
−1 +g2(λ ) logξ−1
+AX11(λ )+g3(λ )ξ logξ
−1 as ξ → 0,
which we compare to the expansion Fez (B20) as well as the
formula F1z valid for arbitrary separations.
It is apparent from Figure 4b (using the first 15 terms as
provided by Jeffrey 32 ) that when using the infinite series for-
mula for XA11 to compute the force for a larger aspect ratio
r2/r1 = 2π we see a considerable disagreement with the cal-
culations obtained in spherical bipolar coordinates. The XA11
may perform better in the near field when more fm are known,
but computing these coefficients is inefficient for practical ap-
plications, and more so for larger aspect ratios λ → ∞, as we
found when calculating more than 15 fm for the purposes of
this work.
We are confident in the calculation of XA11 used to produce
Figures 4a-4b because we were able to reproduce the tabu-
lated values of AX11(1) as listed in section 3.3 in Jeffrey and
Onishi 17 . Meanwhile the spherical bipolar formalism gives
an explicit formula for all summand terms and provides the
correct decay structure both as the centre distance decreases
and increases. We therefore contend that the results obtained
using spherical bipolar coordinates are more efficient, accu-





































(a) The force on sphere 1 comparing various formalisms with
r2/r1 = 1. Key: spherical bipolar coordinates (black-solid),
asymptotic expansion Fez obtained by spherical bipolar coordinates
(black-dot-dashed), XA11 (red-dot-dashed) as computed using
provided 300 terms in Jeffrey 32 for the equation (3.13) in Jeffrey
and Onishi 17 , the expansion of XA11 including the order 1 term A
X
11





































(b) The force on unequal spheres for r2/r1 = 2π: spherical bipolar
coordinates (black-solid), asymptotic expansion Fez obtained by
spherical bipolar coordinates (black-dashed -dot), XAi j as computed
using 15 terms in the equation (3.13) of Jeffrey and Onishi 17
(red-dot-dashed), the expansion of XA11 including the order 1 term
AX11 equation (3.17) of Jeffrey and Onishi
17 (blue-dot-dashed).
FIG. 4: A comparison of the normal component of the HI as
obtained by the present theory and multipole methods.
















FIG. 5: Schematic of two unequal spheres of radii r1, r2
converging parallel to their line of centres in viscous fluid.
Included in the diagram are the cylindrical and bipolar unit
vectors, the dimensional gap distance h, and centre to centre
distance d. Note that η1 and η2 are implicit functions of r1,
r2 and d.
VII. TANGENTIAL INTERACTION b(·)
In this section we write and solve Stokes equations in spher-
ical bipolar coordinates with the view to obtain an expression
for b(·), the force on the spheres to the shearing interaction.
A. Stokes Equations
For this interaction the fluid velocity around the spheres can
not be expressed as the curl of a scalar field, since the flow is
not axisymmetric. We instead consider the full 3d equations




∇ ·~u = 0. (42)
The appropriate boundary conditions will be seen to be
~u =U~̂ex on sphere 1,
~u =−U~̂ex on sphere 2
(43)
along with the far field condition
~u→ 0 as |~x| → ∞. (44)
We solve equations (42) in circular cylindrical coordinates.



























∂z p = ∇2uz (47)
where it is emphasised that ∇2 is the anisotropic Laplacian in
circular cylindrical coordinates
∇




∂r + r−2∂ 2θ . (48)
The incompressibility condition becomes
∂rur + r−1ur + r−1∂θ uθ +∂zuz = 0 (49)
and the boundary conditions are
ur =U cosθ , uθ =−U sinθ , uz = 0, on sphere 1
ur =−U cosθ , uθ =U sinθ , uz = 0, on sphere 2.
(50)
Note that these boundary conditions impose equal and oppo-
site velocities on the spheres, which is the reverse of the case
given in Goldman, Cox, and Brenner 14 .
B. Derivation of ur, uθ , uz and p
For a complete derivation of the pressure and velocity fields
we refer the reader to Appendix C.
As already stated, the reduction in symmetry for the tangen-
tial interaction means that Stokes equations cannot be solved
via a stream function approach. The velocity and pressure
fields may, however, be decomposed into four fields which
correspond to stream functions for a set of dual axisymmetric




the isotropic Laplacian in cylindrical coordinates.
In brief, p, ur, uθ and uz are decomposed into the rep-
resentations (C1), (C2), (C3) and (C4) via linear combina-
tions of four scalar fields W (r,z),X(r,z),Y (r,z),Z(r,z). The
field W (r,z) is essentially the nondimensional pressure, where
µU/c defines the viscous pressure scale, recalling that c is the
focal length comparable to a sphere diameter. The angular de-
pendence of the expansions are inspired by the boundary con-
ditions (50) and the compatibility with the Stokes equations
(45)–(47). Theses auxiliary functions are then obtained in
spherical bipolar coordinates, (C18), (C20), (C 2 a), (C19) up
to a set of arbitrary constants An–Hn which are determined by
the no-flux and no-slip boundary conditions on either sphere.
We now describe how we obtain the summation coefficients
An–Hn.
C. Boundary Conditions
The boundary conditions (50) are transformed into
the corresponding conditions on the auxiliary fields
W (r,z),X(r,z),Y (r,z),Z(r,z). By the expressions for ur,
uθ , uz (C2), (C3), (C4) respectively we obtain on sphere 1
1
c
r(1)W1 +X1 +Y1 = 1, (51)
X1−Y1 =−1, (52)
z(1)W1 +2cZ1 = 0, (53)
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and on sphere 2
1
c
r(2)W2 +X2 +Y2 =−1, (54)
X2−Y2 = 1, (55)
















In the singular case, when two spheres are converging per-
pendicular to there line of centres we do not expect the fluid
pressure to remain bounded. Since we expect a divergent pres-
sure field for small separations along the z axis, equivalently
cosξ = ±1, the general solution to (C9)–(C13) is found by
setting Hn = 0 for every n. The six boundary conditions along
with the incompressibility condition (C13) form seven equa-
tions for the seven unknowns An–Gn.
D. Equal Spheres
We now obtain the unknown constants for the case of equal
spheres. A set of recurrence relations for the unequal sphere
case are presented in Appendix C 3 but are not solved due to
algebraic complexity in the relations, which may be overcome
with computer algebra. As such we set η1 =−η2 = α > 0. In
the equal sphere cases, the cylindrical polar (r, z) and spherical













where α ∈ (0,∞) is the spherical bipolar coordinate which
draws a sphere of radius r1 = c|cschα| in the right and left
hand planes. Additionally, α and is a proxy for the sphere
centre distance where coshα = d/r1 where d is the centre
distance of the spheres.
Recurrence Relations for An–Gn
We now determine An–Gn. By subtracting (56) from (53)
we find
Bn = 0
for every n. Similarly by adding together (51), (54), similarly
(52) to (55) we find
Dn = Fn = 0
for every n. Note that these zero conditions are the comple-
ment of the of the zero conditions found in14. Using the Bon-
net recursion formula
(n+1)Pn+1(x) = (2n+1)xPn(x)−nPn−1(x)
















































where γn = cothα coth(n+ 12 )α and we have used (57). Note
the definition of γn is different to that in14. By subtracting (54)
from (51) and subtracting (55) from (52) and finally adding
(56) to (53) we obtain
sinξ
coshα− x [W1−W2]+X1−X2 +Y1−Y2 = 2, (60)
X1−X2− [Y1−Y2] =−2, (61)
sinhα
coshα− x [W1−W2]+2[Z1 +Z2] = 0. (62)




Gn sinh(n+ 12 )αP
′′




An cosh(n+ 12 )αP
′
n(x)










[γn +1] . (63)
















En sinh(n+ 12 )αPn(x) = 2 (64)
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We have now obtained six equations involving the seven un-
knowns An–Gn. The only condition thus far unused is the in-
compressibility condition (C13), which we will use to identify
An. Since the incompressibility condition (C13) is invariant in
the choice of boundary conditions we may use the relation
(3.56)23 with our redefined constants.
The incompressibility condition (C13) transformed to
spherical bipolar coordinates evaluated on the surface of the
sphere η = α may be written in the form









2n+3 (γn +1)− (n+2)(γn+1 +1)
]
. (67)
and the right hand side vector may be obtained in a similar






eα csch(n− 12 )α−2csch(n+ 12 )α + eα csch(n+ 32 )α
]
(68)
Both equations (67) and (68) were checked with computer al-
gebra.
VIII. THE FORCE EXPERIENCED BY THE SPHERES
There is an exact expression for the force on either sphere
for the spherical bipolar coordinate system, first obtained by
O’Neil21 in general form and applied to the case of a single
sphere moving parallel to a plane wall. We may use the ex-
pression for a two sphere problem, albeit with different sum-
mation coefficients owing to the present choice of boundary















En,+n(n+1)Cn on sphere 2. (70)
These expressions may be nondimensionalised with the char-
acteristic drag scale 6πµUr1, recalling that r1 = c|cschα|.
The three term recurrence relation (66) is solved along with
the decay condition that AN = 0 for some N sufficiently large.
This condition will be seen to be appropriate since if (69), (70)
are to converge one must have An→ 0 as n→ 0. This decay
assumption on An allows (66) to be written as a tridiagonal
linear system, which may be solved with Gaussian elimina-
tion. Where fast solvers are required, for example in direct
numerical simulations of hard spheres, one might wish em-
ploy a Thomas algorithm Trefethen and Bau III 35 .
IX. POSITIVITY OF R
The positivity of the resistance matrix is an important prop-
erty for many computational applications of the HI including
Monte Carlo simulations of stochastic particle dynamics. In
particular, for Langevin dynamics of colloids, one must com-
pute R1/2, which is defined by the diagonalisation
R1/2 = SΛ1/2S−1, (71)
where Λ is a diagonal matrix consisting of the eigenvalues of
R and S is a unitary matrix consisting of columns of orthonor-
mal eigenvectors of R. Such a diagonalisation is ensured to
exists when R is symmetric and real. Mathematically speak-
ing, the positivity of R ensures the existence and uniqueness
of R1/2. Meanwhile, in the sampling of such Langevin tra-
jectories, the positivity is related to the fact that for a particle
undergoing friction in a thermostated bath, the rate of mechan-
ical energy dissipation should be positive. A non-positive def-
inite resistance matrix would allow the non-physical situation
that a given particle may gain kinetic energy under drag.
In this section we demonstrate that our construction of
R, using scalar resistance functions determined in spheri-
cal bipolar coordinates, conserves positivity as a function of
sphere separation for the selected sphere set-ups considered,
whereas, the alternative constructions given by assembling R
with entries originating from perturbation (Kim & Karrila) or
multipole methods (Jeffrey & Onishi), in general do not. For
each formalism we obtain numerically the eigenvalues of R
such that
R~ei = λi~ei (72)
for i = 1, · · · ,3N where λi are smooth functions of the in-
tersphere distance for sequence of particle numbers, N =
2,3, · · · . We use MATLAB’s built in function eig, which is a
robust eigenvalue solver based on QZ iteration for symmet-
ric matrices. The function eig uses a Cholesky decomposition














































(a) Using the formulae valid for arbitrary separation of Jeffrey &
Onishi the correct far-field behaviour is obtained but the formulae










































(b) Using the inner region formulae of Jeffrey & Onishi, the correct
singular behaviour is obtained but the far-field is not valid.
FIG. 6: A comparison of the normal (solid) and tangential
(dashed) forces and the inset relative error between the
present work and multipole methods. The forces computed
using GMS and force computed using multipole methods
Jeffrey & Onishi and perturbative methods Kim & Karrila.
when R is positive definite, however for the present work, the
definiteness of the resistance matrices for each of the different
scalar function assemblies is not known a priori, and in par-
ticular, one may suspect R may not be positive for some of
particle separations (c.f. Oseen tensor8 as an approximation
to the mobility tensor R−1) depending on the model used to
construct it.








(a) Schematic of the two sphere system where d is














(b) Schematic of the three sphere system where d is varied between√
3
2 dmin < d < ∞ and dmin is held fixed.
FIG. 7: Schematics of a) a two sphere system and b) a three
sphere system for the eigenvalues of R.
tem and b) a three sphere system, the schematic for both sys-
tems are depicted in Figure 7a and Figure 7b. For both cases
we fix σ = 1.
Two Sphere System
We refer the reader to Figure 7a for the following discus-
sion. For the two sphere system, the eigenvalues {λi}6i=1 are
computed for d varied between 0 < d < ∞ by using GMS
(present work, formulae (37),(38) and (69),(70)), Kim & Kar-
rila12 and Jeffrey & Onishi17 and are presented in Figure 8a.
In this case the eigenvalues correspond to 6 modes: three
shearing interactions, two squeezing interactions, and 1 co-
translating interaction of multiplicity 3, 2, and 1, respectively,
owing to the repeated ways in which shearing and squeezing
may occur in each of the three dimensions (recalling that from
to the reversibility of Stokes flow, retreating spheres are hy-
drodynamically equivalent to squeezing ones). Hence, in Fig-
ure 8a, repeated eigenvalues are plotted on top of each other.
We observe that the asymptotic behaviour of the Kim
& Karrila eigenvalues agree with the GMS eigenvalues as
d/r1→ 0 (as we expect since the inner region theories agree)
but diverge in the far field (as we expect as the lubrication
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(b) Eigenvalues of R for the three sphere system in Figure 7b.
FIG. 8: Eigenvalues of R as a function of the centre distance
d for a) a two sphere system and b) a three sphere system.
Key: GMS (Fz), Kim & Karrila (equiv. X11A (3.17) and Y
11
A
(4.15)) and Jeffrey & Onishi (equiv. X11A (3.20) and Y
11
A
(4.19)). Symbols indicate multiplicity of the eigenvalues:
solid = 1, circles = 2, triangles = 3. The insets show the
failure of Jeffrey & Onishi to capture the correct eigenvalues
in the singular limit.
approximation breaks down). Both the GMS and Jeffrey &
Onishi eigenvalues remain positive for all d/σ > 1, in partic-
ular both sets of eigenvalue converge to unity as d/σ → ∞,
which corresponds to the intrinsic Stokes drag at infinity in-
cluded in both formalisms. However we know by Figure 6a
that Jeffrey & Onishi does not provide the correct singular be-
haviour in the limit d/σ → 1, and in particular we observe the
eigenvalues are mismatched to both GMS and Kim & Karrila
in the inner regime.
Three Sphere System
We refer the reader to Figure 7b which is a schematic for
the three sphere configuration. We consider three spheres con-
fined to the plane y = 0 with a minimum mutual separation
dmin forming the edge of an equilateral triangle where two of
the spheres are held fixed. For the eigenvalues {λi}9i=1 we
move the location of a third sphere towards the former fixed
pair by varying d such that
√
3
2 dmin < d < ∞ and compute the
eigenvalues of R as a function of d.
In Figure 8b we plot the eigenvalues and preserve the la-
belling GMS, Kim & Karrila and Jeffrey & Onishi. As in
the two sphere case, we obtain repeated curves owing to the
multiplicity of the eigenvalues. In Figure 8b we report a sim-
ilar property in the eigenvalue distribution, that the GMS are
uniformly positive, and, the eigenvalues corresponding to the
pairwise interactions between the third free and the two fixed
spheres converge to unity for large as d → ∞. Kim & Kar-
rila do not preserve positivity for the three sphere system, in
particular, we see that the eigenvalues diverge, and in partic-
ular, in a smaller regime of d than in the two sphere system.
Jeffrey & Onishi preserves positivity however, as in the two
sphere system, Jeffrey & Onishi does not provide the correct
singular behaviour in the limit d/σ → 1.
The emergence of multiple constant eigenvalues as d→ ∞
corresponds to convergence to the isolated pair system as the
third free sphere is sufficiently separated. The disagreement
in the constant eigenvalues of GMS and Jeffrey & Onishi is
a consequence of the inefficient computation of the singular
term by Jeffrey & Onishi.
Larger Systems
In assembling the resistance matrix for an arbitrary
monodisperse system, the main parameters are the inter-
sphere distances and the number of spheres. As the number
of spheres increases so does the dimension of the resistance
matrix. The inter-sphere distances dictate how the eigenval-
ues are distributed. Positivity may not necessarily be obtained
for an arbitrary system. However, we may obtain some formal
results about the spectral properties of R by examining a few
regular systems. We let SN denote the set of all possible states
of the system of N spheres in a confining box. Additionally we
let Xφ ∈ S denote the regular sphere packing at some volume
fraction φ ∈ (0,φg) for φg = π3√2 Gauss’ constant such that for
each sphere in S, the centre to centre distance of each nearest
neighbour is dmin. Xφ is a natural configuration to consider
because it represents the lowest entropy state of the system at
the hydrodynamic diameter dmin. Therefore if the spectrum of
R(Xφ ) may be controlled, i.e., bounded from below, one ex-
pects to be able to control R(Xφ +ε), where ε ∈ SN represents
a perturbation from Xφ .
We may investigate the spectral properties of R for larger
systems by computing the eigenvalues of R(Xφ ) as a function
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of φ ∈ (0,φg) using the different scalar resistance functions.
Note that φ = φg corresponds to contact and is the singular
limit of R, which cannot be evaluated. Since for each N, R
has 3N eigenvalues, in order to examine positive definiteness
we need only compute the smallest eigenvalue λmin for each
formalism. Figure 9a shows a unit cell of S8 which may be re-
peated to produce hexagonal close packing at a hydrodynamic
diameter of dmin = 2 for spheres of diameter σ = 1. The hy-
drodynamic diameter dmin and the volume fraction are related
by φ = π/(3
√
2)(σ/dmin) hence as dmin increases φ decreases
and vice versa. In Figure 9b we plot the smallest eigenvalue
of each formalism GMS, Kim & Karrila and Jeffrey & Onishi
verses φ−1 for S8 (so that large φ−1 correspond to dilute S8).
We report that both GMS and Jeffrey & Onishi preserve posi-
tivity and that the smallest eigenvalue of Kim & Karrila starts
to diverge at volume fractions around φ = 57%.
Plotting the smallest eigenvalue as a function of φ gives a
rough estimate for the volume fraction at which the Lubrica-
tion theory of Kim & Karrila becomes invalid. The theory be-
comes invalid for volume fractions smaller than 57% because
the singular eigenvalues of Kim & Karrila begin to deviate
from the exact eigenvalues of GMS at much smaller φ (not
shown). We present only the smallest eigenvalues to forgo
plotting 24 eigenvalues on a single axes. Additionally, the
authors stopped computing the spectra of R for each GMS,
Kim & Karrila and Jeffrey & Onishi at N = 8, since, beyond
this sphere number, the computation time for computing the
eigenvalues for regular configurations of SN outstrips gains in
insight of the positivity of R.
We expect the positivity to be preserved by GMS for each
SN since the boundary layer in the inner region of the resis-
tance functions occurs only for nearest neighbours in the con-
figuration, and the squeezing and shearing forces quickly de-
cay to unity for centre distances of order of a sphere diameter.
Additionally, the property that the rate of mechanical energy
dissipation should be positive is essentially a consequence of
the fact that the total solvent fluid velocity may be partitioned
into the velocity fields created by the motions of the individual
spheres (see Section 8–5 Generalized treatment of multiparti-
cle systems Happel and Brenner 15 ), which is intrinsic to the
spherical bipolar formalism. This cannot be said to hold rig-
orously for the asymptotic formalisms (Kim & Karrila, mul-
tipole methods) since the velocity fields as found by those
methods are valid only in local flow regimes (for example
near to or far from sphere surfaces). The advantage of GMS,
therefore, over the formulae provided by multipole methods
of Jeffrey & Onishi, is to more efficiently obtain the correct
singular behaviour in the close sphere surface flow regime.
X. A NUMERICAL APPLICATION IN DDFT
In this section we present a practical application of the re-
sults of the present work by considering numerical solutions
of a dynamic density functional theory (DDFT) to the lubri-
cation forces. A fully formed, in depth numerical study of so-
lutions to DDFTs with these extensions will be considered in
a separate publication. The aim of this section is to elucidate
(a) Configuration of N = 8 spheres in a regular
arrangement with dmin = 2 corresponding to a packing
fraction of φ = 0.370, or about 50% of maximum
packing.
























(b) A plot of the smallest eigenvalue of R for the N = 8 sphere
configuration in Figure 9a. The GMS and Jeffrey & Onishi curves
are indistinguishable where as the Kim & Karrila curve starts to
diverges at a volume fraction around φ = 57%.
FIG. 9: a) A regular configuration of N = 8 spheres of
diameter σ = 1 with nearest neighbour centre to centre
distance dmin and b) The smallest eigenvalue of R with
configuration as in a) with varying volume fraction.
to the reader the differences which may be observed between
the present and previous theory in a practical computational
setting.
We consider the probability distribution for the positions
of a large collection of hard spherical particles immersed in
a background bath of many more, much smaller and much
lighter bath particles treated essentially as a continuum. The
larger particles cause fluid flows in the bath, in turn causing
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(a) t = 0.00
(b) t = 12.00
FIG. 10: Numerical solution of a DDFT (Goddard et al. 11 )
including the present theory (GMS) compared to a reference
solution without HI (magenta). The left hand panels show the
density of colloids, ρ(~r, t), trapped inside a confining
poential on the 2D plane. The right hand panels show the
level curves of the density and the bulk velocity of the
colloidal system (given by the arrows). Figure 10a shows the
initial density and velocity meanwhile Figure 10b shows the
evolved density under a translation the confining potential
over a period of t = 12 time units.
forces on all other particles. These forces are considered to
be the short range HI mediated by the bath and are prescribed
by the resistance tensor R. For the following discussion we
assume A1–A3.
In the DDFT setting it is commonplace to separated out the
column space of R corresponding to isolated spheres diffus-
ing at infinity. In particular we write Ri j = Γi j = γ1+ γΓ̃i j
where γ is the friction coefficient (Stokes constant) and Γ̃i j
are the nondimensional two body HI tensors. The first ten-
sor takes into account Stokes drag on the ith particle and the
second determines the HI between particle i and particle j.
In DDFT, Z1 and Z2 are the translational matrix compo-
nents of R. We refer the reader to Goddard et al. 11 for a
longer discussion on the equations of motion that are now
examined. In short, inertial DDFTs are nonlinear, nonlocal,
(a) t = 0.00
(b) t = 12.00
FIG. 11: Numerical solution of a DDFT (Goddard et al. 11 )
including the existing theory (Kim & Karrila) compared to a
reference solution without HI (magenta). The left and right
hand pannels are as described in Figure 10 with same initial
density and velocity, that is, Figures 10a and 11a would be
indistinguishable if plotted on top of each other. After the
same time period the density and velocity are substantially
different to 10b owing to the underestimate in the lubrication
effect by the truncation inherent in the series Fz.
integro-partial differential equations in 3D for the one-body
density ρ(~r, t) and one-body velocity ~v(~r, t) describing con-
servation of mass and momentum of a fluid with non-constant
number density. In particular, we consider the numerical so-
lution of
∂tρ(~r1, t)+∇~r1 · (ρ(~r1, t)~v(~r1, t)) = 0, (73)







d~r2 [Z1(~r1,~r2)~v(~r1, t))+Z2(~r1,~r2)~v(~r2, t))]
×ρ(~r2, t)g(~r1,~r2, [ρ]) = 0. (74)
For the system of PDEs (73)–(74) there are 5 required in-
puts:
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(a) t = 0.00
(b) t = 12.00
FIG. 12: Numerical solution of a DDFT (Goddard et al. 11 )
including the existing theory (Jeffrey & Onishi) compared to
a reference solution without HI (magenta). The left and right
hand pannels are as described in Figure 10 with same initial
density and velocity, that is, Figures 10a, 11a, and 12a would
be indistinguishable if plotted on top of each other. After the
same time period the density and velocity are substantially
different to 10b owing to the underestimate in the lubrication
effect in the inner region by the multipole functions XA11, Y
A
11.
1. Initial density and velocity data,
2. Free energy functional F ,
3. Friction coefficient γ ,
4. Pairwise HI tensors Z j,
5. Correlation function g(~r1,~r2, [ρ]).
The initial data are found by solving an equilibrium DFT
problem, which amounts to solving the nonlinear functional
equation (δF )/(δρ)[ρ] = µc where µc is the chemical po-
tential of the hard sphere species. The free energy functional
F [ρ] is modelled with fundamental measure theory (FMT),
which provides the functional form of the free energy den-
sity taking account of the entropy reduction produced by hard
sphere exclusion (see Rosenfled36 or Roth37). Additionally, in
F , one may include external potentials such as gravity as well
as interparticle potentials, for electrostatic interactions. The
friction coefficient γ may be varied as a proxy for the solvent
viscosity. The pairwise resistance tensors take into account
the HI, which we will construct using the resistance functions
of the present work, as well as the existing perturbative and
multipole counterparts. The correlation function is not known
exactly and must ultimately be obtained from the microscopic
dynamics, but for a hard sphere fluid may be approximated by
g(|~r−~r′|) = 0 for |~r−~r′|< σ (denoting exclusion) and unity
otherwise. Such an approximation has been shown to give
good agreement with comparative stochastic simulations of
the underlying Langevin dynamics Goddard et al. 5 ,Goddard
et al. 11 , Goddard, Nold, and Kalliadasis 38 .
We solve (73)–(74) with the pseudospectral collocation
scheme 2DChebClass39. For a more detailed analysis on the
numerical method, including the basic quadrature technique
of the convolutions of the HI matrices, see40. We present two
solutions: one labelled GMS to denote Z1, Z2 constructed
with the scalar resistance function (37) obtained by present
work (Figure 10) and one denoted Kim & Karrila (Figure 11)
which uses the well known, widely used expression (41) to
construct Z1, Z2. A reference solution in both cases with
Z1 =Z2 = 0 is shown in magenta. For the solution using Kim
& Karrila, a necessary outer cuttoff was chosen at 2 sphere di-
ameters which is accepted in the community as standard30.
For GMS no outer cut off is required.
We solve the DDFT equations (73), (74) in a 2D planar ge-
ometry confining the colloids in a weak quadratic background
potential before driving the colloids from left to right with a
potential flow. We take γ = 2, with 50 colloids, but many
more may be included since the dimensionality of DDFT is
independent of the number of colloids. Both the HI terms as
constructed by GMS and Kim & Karrila retard the flow of the
colloid particles in comparison with DDFTs without any inter-
particle HI shown in magenta, which is what we expect from
the standard descriptions of the effects of lubrication forces.
This is in contrast to overdamped DDFT equations including
long-range forces, essentially including HI terms correspond-
ing to two-body R−1 which enhance collective motion God-
dard, Nold, and Kalliadasis 41 .
Figures 10, 11 show a substantial difference in the evolu-
tion of the density ρ (and flux) of the suspension, in particular
Kim & Karrila appears to underestimate the effect of the lu-
brication force on the overall dynamics of the density, where
as GMS shows the onset of extrusion in the density contours
not visible using existing theory.
XI. DISCUSSION AND OPEN PROBLEMS
The formula obtained in spherical bipolar coordinates is
uniformly accurate for all separations, up to the particle con-
tact point where the governing equations break down. In Fig-
ure 4a, the red and black curves differ substantially at sur-
face separations equal to roughly 1 sphere radius; we there-
fore claim the spherical bipolar formalism would be particu-
larly useful for simulations of colloidal flow with HI in the
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moderately-dense volume fraction regime. Additionally we
expect our method to perform better for different particle radii
as evidenced by Figure 4b, so the contributions of the present
work go well into polydisperse particle systems.
We therefore expect that the derived formulae can be imple-
mented in all numerical methods that incorporate the existing
lubrication models and improve the simulation accuracy. We
discuss, as examples, the potential application to and impact
on a few different types of numerical methods.
For methods solving particle dynamics using Newtonian
equations, e.g., the discrete element method (DEM), the new
formulae can be used to directly compute the hydrodynamic
forces. Instead of using the existing formulae (Fz,l) with an
arbitrary outer cut off42, implementing either the exact F1z or
the asymptotic Fez formulae could better capture the hydrody-
namic interaction between 10−1r1 and 100r1, as seen in Figure
2a. This is expected to improve suspension viscosity predic-
tions, compared to using Fz, which underestimates the vis-
cosity especially at moderate concentrations42. Note however
that by using F∗z for DEM, one requires accurate knowledge
of the position of a hard cutoff of the asymptotic expressions
for the force, if such a cutoff exists at all.
Computational formalisms which use the closed asymp-
totic formula Fz in-line can be trivially updated with the new
asymptotic formulae Fez , meaning the applications of the pre-
sented results may also extend more generally to, e.g., lat-
tice Boltzmann method Nguyen and Ladd 43 and Stokesian
dynamics (SD) Brady and Bossis 44 . SD takes into account
singular lubrication interactions by making use of the explicit
formulae Fz between pairs of close particles without consider-
ing the lubrication many-body effects, thus forgoing the large
number of degrees of freedom required to resolve the lubrica-
tion flow of the interstitial fluid between particles. The miss-
ing many-body effects are considered in a more recent work45
by decomposing the velocity field into a singular flow con-
taining the short-range lubrication interactions and a remain-
der field which is regular and dealt with using a chosen fluid
solver. Such methods may seek to use the present stream func-
tion ψ for the decomposition. Meanwhile new approaches30
have been proposed to overcome unphysical results in pair-
wise lubrication models due the lost screening effects pro-
vided by neglected long-range HI. The present work can deter-
mine the deficit in lubrication beyond the critical interaction
radius used in these methods.
Lastly, for continuum approaches such as dynamical den-
sity functional theory5, the inclusion of long range HI has
been shown to produce qualitatively different colloidal fluid
flows compared to systems without HI. So far the physical
phenomena included in the governing fluid equations has ex-
tended to: inertial colloids with long range HI (including mod-
els of R−1)11 and without HI46, systems of multiple-species38
and particles with angular dependence47. Thus we expect nat-
ural numerical implementations of the present formulae to in-
clude lubrication interactions in the DDFT modelling formal-
ism. In particular, for DDFT, since the terms corresponding
to HI take the form of convolution integrals it is desirable to
have explicit continuous integrands (and decay estimates) for
the hydrodynamic interaction valid at all separations in order
to ensure the convergence of these terms, which is what the
current formalism provides.
Finally we remark that the rate of convergence of the force
asymptoting to unity at infinity will depend on r2/r1, as seen
in Figure 2b, and therefore we anticipate the novel study of
bulk flow properties using the F1z , F
2
z in the modelling of sus-
pensions involving multiple species.
In this paper we have presented a new formula for the hy-
drodynamic force exerted on two converging spheres in vis-
cous fluid in a functional form, as well as asymptotic formu-
lae as the spheres are close, showing good agreement with
the exact value even at centre to centre distances of O(d0).
By construction, the derivation of this functional form pro-
vides the way for consideration of alternative boundary con-
ditions. For the asymptotic results, the small argument limit
newly derived shows better agreement with the exact solution
compared to that from existing lubrication theory. The sphere
plane limit may also be recovered more accurately. Addition-
ally we have provided an analysis of the spectral properties of
R, demonstrating numerically that the scalar resistance func-
tions as determined by spherical bipolar coordinates preserves
positivity in some, N = 2,3 and larger regular sphere systems.
Positivity is destroyed when using the perturbative functions
of Kim & Karrila without an arbitrary cut-off, meanwhile cut-
offs may drastically underestimate the lubrication effect, as
demonstrated by a numerical application in DDFT. It would
be an interesting topic of future work to investigate the gener-
ality of this positive definiteness.
Furthermore we have shown that the scalar resistance func-
tions obtained by Jeffrey & Onishi, while preserving positivity
in the examined systems, are inaccurate compared to GMS in
inner regimes of flow (close particle surfaces) principally be-
cause they are based on multipole expansions which, intrinsic
to the method, requires arbitrarily many terms as h→ 0, which
for each h > 0, become more computationally expensive to
obtain. This property is an important consideration for dense
particle systems. It would be an interesting topic of future
work to investigate the generality of the positive definiteness
obtained in this paper.
There are many promising extensions which may naturally
be made to the theory presented here such as: alternative
boundary conditions to model slippery particles and the shear-
ing motion of two spheres converging perpendicular to their
line of centres akin to Goldman, Cox, and Brenner 14 . The
former is generally important in liquid spreading problems48,
in particular, molecular dynamics simulations of Newtonian
liquids have shown that there exists a nonlinear relationship
between the amount of slip and the local shear rate of fluid at
a solid surface49.
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Appendix A: Useful Formulae
In Section IV C we use the matrix M = whose entries are
defined by
m11 = cosh(n+ 32 )η1, m21 = cosh(n+
3
2 )η2,
m12 = sinh(n+ 32 )η1, m22 = sinh(n+
3
2 )η2,
m13 = cosh(n− 12 )η1, m23 = cosh(n− 12 )η2,
m14 = sinh(n− 12 )η1, m24 = sinh(n− 12 )η2,
(A1)
and
m31 = (n+ 32 )sinh(n+
3





m32 = (n+ 32 )cosh(n+
3





m33 = (n− 12 )sinh(n− 12 )η1, m43 = (n− 12 )sinh(n− 12 )η2,
m34 = (n− 12 )cosh(n− 12 )η1, m44 = (n− 12 )cosh(n− 12 )η2.
(A2)
For the computation of (33) in Section V we find it useful













where the signs are chosen according to each sphere. The first




































The purpose of these expressions is to allow us to give explicit
forms for certain integrals. In particular let p = 2n+ 1 for






























With the Ip/2, the integral (33) may be computed explicitly.
Appendix B: Small & Large Argument Limits
We divide this section into two cases: nondimensional sep-
aration going to zero and to infinity. First we identify a small
parameter.
1. Small Parameter
Taking care that η2 < 0, we have by the geometric proper-
ties of the bipolar coordinate system
r1 sinhη1 + r2 sinhη2 = 0, d = r1 coshη1 + r2 coshη2,
(B1)
where d is the centre to centre distance of the spheres. The
equations (B1) constitute a coupled pair of transcendental
equations in η1,η2. The determinant of the Jacobian associ-
ated to the system (B1) is always positive because sinh(η1−
η2)> 0 and, given d,r1, and r2, it may be solved using a New-
ton iteration scheme. In the case r1 = r2 we may find η1 (and
η2) explicitly. As d approaches r1 + r2 one obtains












where ε = h/r1 and β = r2/r1. Thus we see,
with an abuse of notation, by setting a = r1 and b = r2 that
the gap distance may be written in terms of the average of
the radii: aε = η21 (a+b)/2. This illuminates the relationship
between the present small parameter η1 and the lubrication
theory small parameter ε29.
2. Small Argument Behaviour
We would like to examine the singular behaviour as d ap-
proaches r1 + r2 for unequal spheres. Firstly it will be seen
that the limit |η j| ↘ 0 for both j = 1,2 may not be com-
muted with (37), (38) because a divergent series is obtained
despite (for physical reasons) the limit being well posed. This
limit of the infinite series is hereby treated as a matched per-
turbation problem of Van Dyke type (see Hinch 50 ), whereby
two series overlap in a shared regime of validity. We consider
sphere 1 (a similar method can be applied to sphere 2), let N
be a large positive integer and nondimensionalise F1z . We now










(2n+1)(an +bn + cn +dn).
(B3)
With this decomposition the difficulties arising in the limit
η1 → 0 may be avoided with proper care of the asymptotic
parameter, summation index n and the introduction of an in-
termediate variable in the shared regime of validity between
Fs and Fr. For the remaining calculations we set α = η1,
η2 = −β−1α and proceed rigorously to the small limit by a
parallel analysis to the asymptotic results of Cox and Bren-
ner 23 .
Starting with Fs we write all the hyperbolic functions as
power series in α obtaining
Fs = α
−2f1 + f2 +αf3 +O(α2) (B4)










































One may sum f1 by expressing its summand in partial frac-













































(1+β )3 as N→ ∞.




































we may sum (B5) explicitly. Notice that the last term on the
right hand side of (B6) is repeated from contributions to f1.




















2n−1 − 43 + 12N+1 + 12N+3 .
Thus all contributions to f2 may be written in terms of
∑
N
n=1(2n−1)−1 and f1, the former of which may be dealt with
by asymptotics of partial summation expressions of the natu-


















16β 3 f1. (B7)
So that f2 may be summed with use of f1
f2 =
32













+ 3215(1+β )3 [−120β
2 +10β 3]+O(N−1).
Now from asymptotic expansions for large argument of
the polygamma function, ∑Nn=1
1
2n−1 ∼ 12 (γ + logN)+ log2+
1
48N2 +O(N
−4) as N → ∞, where γ is the Euler-Masheroni
constant. Thus we have
f2 =
32
15(1+β )3 [3β +21β




















and summing between n = 1 and N and telescoping we obtain









Now for Fs all that remains is to order the error estimates.
Returning to the decomposition (B3) we observe that N is
large and chosen such that in the shared regime of validity
N = O(α−1) for the singular part, and N = O(α0) for the reg-
ular part. Since the former estimate holds for all n ≤ N we
must have N → ∞ as α → 0. Also by taking α to zero the
tail Fr vanishes and Fs is an ever better infinite series ap-
proximation of F z1 . Note that the integer N is arbitrary and
must not appear in the final form, but it is permissible that Fs
and Fr may depend on N on their own. Typical of matched
asymptotic problems the index N is implicitly a function of α ,
the natural choice being N = δα−(1−θ) for some 0 < θ < 1
with both δ , θ independent of α . With this, N lies in the over-
lapping region and increases as α decreases. What is more,
we have N−1 = O(α1−θ ) = o(1) since 0 < θ < 1. One also
has αN = O(αθ ) = o(1). Finally note that O(α) is higher













(1+β )3 +o(1). (B9)
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For Fr the key idea here is to transform to a Riemann sum
and hence to approximate it by an integral. Here the summa-
tion index is getting larger while α is going to zero so it is
natural to introduce the intermediate variable x = nα where







(2n+1)(an +bn + cn +dn).
















β (β 2 +2x2−2βx)
+ e
2(β+1)x
β (β 2 +4(β +1)x3 +2(β +1)2x2 +2β (β +1)x)
g(x) := β 2−2e
2(β+1)x
β (β 2 +2(β +1)2x2)+β 2e
4(β+1)x
β .
Note that the summand is implicitly indexed by n through the










where X is the intermediate variable defined such that N is
the positive integer first less than X/α . Thus α → 0 implies
X → 0.





































where Bm is the mth Bernoulli number. It is now of importance
to know the behaviour of the the function l(x) := f/g(x) at
x = 0 and x = ∞. It is not hard to see that l(x)→ 0 as x→ ∞
due to the presence of the fourth exponential power in g(x).







(1+β )3 +O(X). (B13)

















(1+β )3 +O(α X) (B14)
where we have deemed the boundary term at infinity and terms
of high order derivatives of l(x) at infinity negligible, the lat-
ter of which may be justified by the persistence of the term
exp(4kx) in the denominator at the kth derivative of l(x). Ad-
ditional terms in the regular expansion Fr may be obtained
by considering the terms l(k)(X).
Since X → 0 as α → 0 it is natural to decompose the in-
tegrand in (B14) into its small arguments, and the presence





















(1+β )3x3 dx (B15)




k(x) := l(x)− 6β 3
(1+β )3x3 . The third and fourth integrals in (B15)
are evaluated as∫ 1
2X
6β (1+7β+β 2)
5(1+β )3t dx =−
6β (1+7β+β 2)













0 j(x)dx and that j(x) = O(x) as x→ 0 so that
∫ X
0 j(x)dx =










all the expanded leading terms of Fr have been integrated.
It is elementary to show that both C1 and C2 are finite. For
C1, the contribution proportional to x−3 converges on [1,∞]
and l(x) decays exponentially as x→ ∞. For C2, we have the
power series expansion as x→ 0
j(x) =− 3β 2(3+β )
(1+β )3 +
4(8−19β+8β 2)x
175β (1+β ) +O(x). (B17)
Therefore j(x) is a continuous function at zero, moreover it is
continuous on a closed interval and hence there must exist a
finite bound M > | j(x)| so that C1 < M. Therefore taking all
the contributions together and with X = Nα fixed,
Fr ∼ 23 (C1+C2)−
4β (1+7β+β 2)





as α → 0. Now, adding together (B9) and (B18) one sees
that by writing logN = logX − logα the logX terms cancel.
Similarly with X = Nα the O(N−2α−2) terms cancel leaving




−2− 4β (1+7β+β 2)5(1+β )3 logα +K1 +o(1) (B19)
where K1 =
4β (1+7β+β 2)










−1− 2β (1+7β+β 2)5(1+β )3 logε +K2 +o(1) (B20)
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where where K2 =
4β (1+7β+β 2)











3. Large Argument Behaviour
We note that for large separations it is sufficient to consider
the symmetric case η1 =−η2 =: α , since by the inner analysis
the force quickly decays for surface separations α not small.









as α → ∞ since α is a proxy for sphere distance. Expanding











where sn(α) = 8eα − 2(2n − 1)(2n + 3)e2α(n+1) +
(2n + 1)(2n − 1)e2αn + (2n + 3)(2n + 1)e2α(2+n) and
tn(α) = 2(eα − eα(4n+3))+(2n+1)(e2α(n+1)− e2αn). We
observe that the limit of the summand as α → ∞ exists
for each n and the resulting series can be dominated by a



















Expanding the summation in (B21) we have


















We may bound this series in terms of known geometric and














































Appendix C: Derivation of the Tangential Fields
1. Tangential Field Equations
We introduce four auxiliary functions:
W (r,z),X(r,z),Y (r,z),Z(r,z), and the governing equa-
tions (45), (46), (47) can be written in terms of known
differential operators. Firstly consider the decomposition
c p = 2µUW (r,z)cosθ , (C1)
cur =U [rW (r,z)+ c(X(r,z)+Y (r,z))]cosθ , (C2)
cuθ =U [X(r,z)−Y (r,z)]sinθ , (C3)




















































∂r− r−2 +∂ 2z
)
Z, (C7)
0 = 3W + r∂rW + z∂zW + c∂rY














0 = 3W + r∂rW + z∂zW + c∂rY
+ c∂rX +2cr−1X +2c∂zZ (C13)
where





Note that L1 is a particular case of the differential operator
Lk given by Lk = ∂ 2z + ∂
2
r + k r
−1∂r which is a closely stud-
ied operator in axially symmetric potential theory by those
such as Weinstein52 and Payne53 and in particular31 wherein
explicit solutions for Stokes flow around classes of axially
symmetric bodies are considered. Solutions ωk to equations
Lkωk(r,z) = 0 are families of axially symmetric potential
functions parametrised by k. In particular the homogeneous
problem L1ω1 = 0 in spherical bipolar coordinates has a solu-
tion expressible in a complete basis of Legendre polynomials.
By substituting (C1)–(C4) into (45)–(47) we obtain (C5),
(C6), (C7) and (C8). By adding (C5) to equation (C6),
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subtracting (C6) from equation (C5) and along with (C7)
and (C8) we obtain equations for each of the scalar fields
W (r,z),X(r,z),Y (r,z),Z(r,z) in terms of the differential oper-
ator L1, these are labelled (C9), (C10), (C11), (C12) along
with the incompressibility condition (C13). We obtain ex-
pressions for the auxiliary fields W (r,z),X(r,z),Y (r,z),Z(r,z)
in terms of special functions by transforming to spherical
bipolar coordinates. The expression for Lk for k ∈ Z is
given by (C15) and is a separable differential operator in
the spherical bipolar coordinate system. The expressions for
W (r,z),X(r,z),Y (r,z),Z(r,z) may be obtained by a separation
of variables procedure as described in15 (Section 4-11). In
particular, we derive the formulae (C18), (C20), (C 2 a), (C19)
for a set summation coefficients An–Gn which must be ob-
tained by the boundary conditions on each sphere.
2. Conversion to Spherical Bipolar Coordinates
By making the transformation (8) the generalised operator












where h = c/(coshη− cosξ ) is the metrical coefficient. The
derivation of this expression may be found in Happel and
Brenner 15 . We now use the operator definition (C15) to solve
(C9)-(C12) in spherical bipolar coordinates.
a. Equation for Y
We write Ȳ (ξ ,η) = Y (r(ξ ,η),z(ξ ,η)) and find







Dn cosh(n+ 12 )η (C16)
+En sinh(n+ 12 )η
]
Pn(cosξ ). (C17)
b. Equation for W and Z
We write Ŵ (ξ ,η) = W (r(ξ ,η),z(ξ ,η)), Ẑ(ξ ,η) =
Z(r(ξ ,η),z(ξ ,η)) and find







Bn cosh(n+ 12 )η
+Cn sinh(n+ 12 )η
]
P′n(cosξ ), (C18)







An cosh(n+ 12 )η
+Hn sinh(n+ 12 )η
]
P′n(cosξ ). (C19)
We remark that the sums are to be taken starting n = 1,2, ..
because solutions to the associated Legendre equation are
nonzero and nonsingular when 0≤ m = 1≤ n.
c. Equation for X
We write X̂(ξ ,η) = X(r(ξ ,η),z(ξ ,η)) and find







Fn cosh(n+ 12 )η
+Gn sinh(n+ 12 )η
]
P′′n (cosξ ) (C20)
noting the sums are to be taken starting n = 2,3, .. because so-
lutions to the associated Legendre equation are nonzero and
nonsingular when 0 ≤ m = 2 ≤ n. All that remains is to ap-
ply the boundary conditions (50) transformed into spherical-
bipolar coordinates to the appropriately combined general so-
lutions Ŵ , X̂ , Ŷ , Ẑ.
3. Unequal Spheres
We now obtain the unknown constants for the case of equal















We introduce the notation
ckα = coshkα, s
k
α = sinhkα.
















































n(x) = 0. (C21)











2 )η where the sign is chosen so that
the exponential decays on each sphere. Using (C22) we in-
tegrate equation (C28) over x ∈ [−1,1]. Firstly we note the























































‖Pn−3‖2 + · · ·
]
= 2 [sn−1(η1)+ sn−3(η1) · · · ] =: 2tn(η1) (C23)




































dx ( j+1)Pj+1(x)+ jPj−1(x)2 j+1
[
Pn−1(x)









dx ( j+1)Pj+1(x)2 j+1
[
Pn−1(x)
















un(η1) = n−12n−3 sn−2(η1)+
n−3
2n−7 sn−4(η1)+ · · · , (C25)
vn(η1) = n2n+1 sn(η1)+
n−2
2n−3 sn−3(η1)+ · · · . (C26)








































Note that in the equal sphere case, η2 =−η1 (C27) implies
Bn ≡ 0 ∀n ∈ N.







































































η2 ]Pn(x) = 0. (C28)
To obtain an integral equation for (C28) we consider addi-
tional identities. For example
(1− x2)P′n(x) = n(n+1)2n+1 (Pn−1−Pn+1), (C29)



















































Note that in the equal sphere case, η2 =−η1 (C28) reduces to
X1 +X2 +Y1 +Y2 = 0
and along with (52), (55) this would imply X1+X2 =Y1+Y2≡
0, that is Dn = Fn ≡ 0 for every n ∈ N∪{0}. By adding (52)
to (55) one has











































η2 ]Pn(x) = 0. (C34)
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n(x) = 0. (C35)






































Subtracting (54) from (51), subtracting (55) from (52) and




c W2 +X1−X2 +Y1−Y2 = 2, (C37)
X1−X2−Y1 +Y2 =−2, (C38)
z1W1 + z2W2 +2c(Z1 +Z2) = 0. (C39)


















































n (x) = 0. (C41)














































η2 ]Pn(x) = 2. (C43)
Appendix D: List Of Notation
Notation From Jeffrey & Onishi17
r d









Abbreviations & Mathematical Symbols
HI(s) Hydrodynamic Interaction(s)
SD Stokesian Dynamics
GMS Goddard, Mills, Sun (label for present work)





α , η1, η2 Spherical bipolar radial ordinate
β Sphere radii ratio r2/r1
γ Friction coefficient, Stokes unit
γn cothα coth(n+ 12 )α
ε Small nondimensional gap distance
ε Small perturbation from Xφ
(η ,ξ ,θ) Spherical bipolar coordinates
λ Separation constant in (14)
λi Eigenvalues of R
µ Dynamic viscosity
µc Chemical potential
ρ (Constant) fluid density




φg Gauss packing fraction π3
√
2
χ Compact stream function
ψ ,ψ1,ψ2 Stream functions
Upper Case Greek
∆(n) Solution coefficient in (32)
Γ Dimensional 3N×3N friction tensor
Γ̃i j Nondimensional 3N×3N friction tensor
Ω Fluid domain
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Lower Case Roman
an, bn, cn, dn Squeeze summation coefficients in (37)–(38)
a(·), b(·) Squeezing and shearing scalar resistance functions resp.
c Spherical bipolar focal length
d Centre to centre distance
d1, d2 Centre distance to O, sphere 1 and 2 resp.
dmin Minimal centre to centre distance
fm, gm Summation terms in29
g(~r,~r′, [ρ]) Two body correlation function
h Dimensional surface distance
h Metrical coefficient for spherical bipolar coordinates
~n Unit normal vector into fluid domain
~ni j , (~̂ni j) Intersphere (normalised) distance vector
p Fluid pressure
r1, r2 Radii of sphere 1 and 2 resp.
r |~r|
~r j,~v j Individual sphere momentum and position vectors resp.
~rN ,~vN 3N sphere momentum and position vectors resp.
ri j |~r j−~ri|
s Nondimensional sphere distance in29
~u Velocity of Stokes fluid
~v Mean hard sphere fluid velocity
x cosξ
(x,y,z) Cartesian coordinates
(z,r,θ) Cylindrical polar coordinates
Upper Case Roman
1 3×3 identity matrix
An–Hn Shear summation coefficients in (69)–(70)




i j Jeffrey & Onishi scalar functions
Fx Shearing force
Fz Squeezing force
F diss Dissipative force
F Non-dissipative force
Fz Non-dissipative force
F [·] Helmholtz free energy functional
L Characteristic length scale
M Mass matrix
N Number of spheres




SN N–sphere configuration state space
U Sphere speed
W , X , Y , Z Auxiliary functions in (C1)–(C4)
Z1, Z2 Diagonal and off-diagonal matrices
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